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Abstract 

We present a (l+l)-dimensional fermionic QFT with non-local 
couplings between currents. This model describes an ensemble of spin- 
less fermions interacting through forward, backward and umklapp 
scattering processes. We express the vacuum to vacuum functional 
in terms of a non trivial fermionic determinant. Using path- integral 
methods we find a bosonic representation for this determinant. Thus 
we obtain an effective action depending on three scalar fields, two of 
which correspond to the physical collective excitations whereas the 
third one is an auxiliary field that is left to be integrated by means of 
an approximate technique. 
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1 Introduction 



In recent years there has been a renewed interest in the study of low- 
dimensional field theories. In particular, research on the one- dimensional (Id) 
fermionic gas has been very active, mainly due to the actual fabrication of 
the so called quantum wires |J. One of the most interesting aspects of these 
systems is the possibility of having a deviation from the usual Fermi-liquid 
behavior. This phenomenon was systematically examined by Haldane who 
coined the term Luttinger-liquid behavior to name this new physical situation 
in which the Fermi surface disappears and the spectrum contains only col- 
lective modes. Perhaps the simplest theoretical framework that presents this 
feature is the Tomonaga-Luttinger (TL) model 0, a many-body system of 
right and left-moving particles interacting through their charge densities. In a 
recent series of papers Q an alternative, field-theoretical approach was devel- 
oped to consider this problem. In these works a non-local and non-covariant 
version of the Thirring model H] || was introduced, in which the fermionic 
densities and currents are coupled through bilocal, distance-dependent po- 
tentials. This non-local Thirring model (NLT) contains the TL model as 
a particular case. Although it constitutes an elegant framework to analyze 
the Id many-body problem, one seriuos limitation appears if one tries to 
make contact with quantum wires phenomenology. Indeed, one has to re- 
call that, from a perturbative point of view, the building blocks of the NLT 
are the forward-scattering (fs) processes which are supposed to dominate the 
scene only in the low transferred momentum limit. This means that in its 
present form it can only provide a very crude description of the Luttinger 
liquid equilibrium and transport properties. The main goal of this paper is 
to start developing an improved version of the NLT in which larger momen- 
tum transfers are taken into account. Although the most interesting effects 
of these contributions, such as the occurrence of mass-gaps in the normal 
modes spectra, are known to take place for spin-^ particles, here, for illustra- 
tive purposes we shall focus our attention on the spinless case. In Section 2 
we show that the manipulations used to write the vacuum functional of the 
fs problem in terms of a fermionic determinant, also work for the NLT, even 
when backward (bs) |7j and umklapp (us) |8| scattering are considered. We 
get a quite peculiar fermionic determinant which resembles the one obtained 
in the path- integral study H of massive fermions in (1+1) dimensions [|H] . 
In Section 3 we obtain a bosonic representation for this non-trivial determi- 
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nant. This, in turn, allowed us to find a completely bosonized effective action 
for the model under consideration. Finally, in Section 4, we summarize the 
main points of our investigation. 



2 The Model 

In this section we begin the study of an extended version of the NLT 
which includes the contribution of forward, backward and umklapp scatter- 
ing. Following the formulation proposed in Q we shall attempt to describe 
these interactions by means of a fermionic QFT with Euclidean action given 
by 

S = So + Sf s + Sb s + S us (2-1) 

where 

S = f d 2 x ^i$^> (2.2) 



is the unperturbed action associated to a linearized free dispersion relation. 
The contributions of the different scattering processes will be written as 

2 

Sfs = -\\ d2x d 2 V (*7m*)0*0 V M (x,y) (*7M*)(y) (2-3) 

and 

S bs + S us = J ' d 2 xd 2 y^Y^){x)U^{x,y)^Y^){y) (2.4) 

where the 7^s are the usual two-dimensional Dirac matrices and T = 1, 
Ti = 75. Please keep in mind that no sum over repeated indices is implied 
when a subindex (//) is involved. Let us also mention that the coupling 
potentials V( M ) and U(p) are assumed to depend on the distance | x — y \ and 
can be expressed in terms of Solyom's "g-ology" JTJJ as 

V(o){x,y) = \(92 + 94)(x,y) 

g 2 

v (i)( x ,y) = -oite- 94)(x,y) (2.5) 
9 
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U(o)(x,y) = -n{ga + 9i)(x,y) 
U(i){x,y) = -fi(g 3 -gi)(x,y) 



(2.6) 



In the above equations g and g' are just numerical constants that could be set 
equal to one. We keep them to facilitate comparison of our results with those 
corresponding to the usual Thirring model. Indeed, this case is obtained by 
choosing g' — and Vm{x,y) = Vm(x,y) = 5 2 {x — y). On the other hand, 
the non-covariant limit g' = 0, Vm(x,y) = gives the TL model [[J. 

The terms in the action containing g 2 and g^ represent forward scat- 
tering events, in which the associated momentum transfer is small. In the 
#2 processes the two branches (left and right-moving particles) are coupled, 
whereas in the g^ processes all four participating electrons belong to the same 
branch. On the other hand g\ and g% are related to scattering diagrams with 
larger momentum transfers of the order of 2kp (bs) and 4/cj? (us) respectively 
(This last contribution is important only if the band is half-filled). Let us 
now turn to the treatment of the partition function. At this point we recall 
that in ref.0] we wrote the fs piece of the action in a localized way : 



where J M is the usual fermionic current, and is a new current defined as 



Using a functional delta and introducing auxiliary bosonic fields in the path- 
integral representation of the partition function Z we were able to write (see 
[|] for details): 



Z = N V^V^VA^VB^ exp{- / d 2 x[m0V + A f ,B f , + -^-(A^+B^)}} 




(2.7) 




(2.8) 



(2.9) 



If we define 




(2.10) 




(2.11) 
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with b^(y,x) satisfying 



d 2 y b M (y lX )V M (z,y) = 5\x - z), (2.12) 
and change auxiliary variables in the form 



A, = ^=(A, + B,), (2.13) 



B ll = -j={A ll -Bp), (2.14) 



we obtain 



Z = N J VmvmVA^DB^ e ~s{A,B)-s bs ~s ua exp {_ J d * x -$(0 - gfi)-®} 

(2.15) 

where 

S(A,B) = \J d 2 x d 2 y b^ixMA^AM - B,(x)B,(y)} (2.16) 

The Jacobian associated with the change (A, B) —>■ (A, B) is field- indepen- 
dent and can then be absorbed in the normalization constant N. Moreover, 
we see that the S-field is completely decoupled from both the A-field and 
the fermion field. Keeping this in mind, it is instructive to try to recover 
the partition function corresponding to the usual covariant Thirring model 
(b(p)(y,x) =b(i)(x,y) =5 2 (x — y), and g' = 0), starting from (|2.15|) . In do- 
ing so one readily discovers that B^ describes a negative-metric state whose 
contribution must be factorized and absorbed in N in order to get a sensible 
answer for Z. This procedure paralells, in the path- integral framework, the 
operator approach of Klaiber 0, which precludes the use of an indefinite- 
metric Hilbert space. Consequently, from now on we shall only consider the 
A contribution. 

At this stage we see that when bs and us processes are disregarded the 
procedure we have just sketched allows us to express Z in terms of a fermionic 
determinant. Now we will show that this goal can also be achieved when the 
larger momentum transfers are taken into account. To this end we write: 

S bs + S us = ~ [ d 2 x L„M„ (2.17) 
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where L M and are fermionic bilinears defined as 

L li (x)=^(x)F^{x), (2.18) 

M,(x) = J d 2 y U M (x,y)L,(y). (2.19) 

Thus it is evident that we can follow the same prescriptions as above, with 
L M and M M playing the same roles as J M and K^, respectively. After the 
elimination of a new negative metric state whose decoupled partition function 
is absorbed in the normalization factor, as before, one obtains 

Z = N J VA^DC^ det(# -gA- g'T^CJ exp{-S[A] - S[C}} (2.20) 

where 

S[A^] = X - J d 2 xd 2 y A^x)b M A^y) 
S[C»] = \J d 2 xd 2 y C,(x)d M C^y) 

(2.21) 

and 

J d 2 y d M (y,x)U w (z,y) = 6 2 (x - z), (2.22) 

This is our first interesting result: we have been able to express Z in terms 
of a fermionic determinant. Let us stress, however, that this determinant is 
a highly non trivial one. Indeed, the term in g' is not only a massive-like 
term (in the sense that it is diagonal in the Dirac matrices space) but it also 
depends on the auxiliary field C^x). In the next section we shall show how 
to deal with this determinant. 

3 Boson representation for the determinant 

In this section we shall combine a chiral change in the fermionic path-integral 
measure with a formal expansion in g' in order to get a bosonic representation 
for the fermionic determinant derived in the previous section. Let us start 
by performing the following transformation: 
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ty(x) = exp (yf[7 5 $(x) — ir)(x)] x( x ) 
ty(x) = x( x ) ex P g[l5®{ x ) + if](x)] 



(3.1) 



V$VV = J F [$,r)}VxV X , (3.2) 

where $ and 77 are scalar fields and Jf [&,v] is the Fujikawa Jacobian |I2[ 
whose non-triviality is due to the non-invariance of the path-integral measure 
under chiral transformations. As it is well known, the above transformation 
permits to decouple the field from the fermionic fields if one writes 

A^x) = d^{x) + e^$(x) (3.3) 

which can also be considered as a bosonic change of variables with trivial 
(field independent) Jacobian. As a result we find 

det(0 -gA- g'T^C a ) = J F [$, V }det($ - </ e 2 ^ 6 %C M ) (3.4) 

The computation of the fermionic Jacobian requires the choice of a regular- 
ization procedure which, in turn , involves certain ambiguity (See for instance 
[PI). In this paper we follow the same prescription that allowed us to get 
sensible results when only forward scattering was considered jij. The result 
is 

2 

J F [$, rj] = exp |- J d 2 x $<9 M «9 M $ (3.5) 

As a consequence of the above transformations the partition function is now 
expressed as: 



Z = N' J V$VriVC^e- imv]+s[c » ]) J F [$, rf[ det(0 - g'e 2 ™^^) (3.6) 

where S[$,rj\ arises when one inserts (|3.3|) in (See equation ( |2.21| )). 

The fermionic determinant in the above expression can be analyzed 
in terms of a perturbative expansion. Indeed, taking g' as perturbative pa- 
rameter, and using the fermionic fields \ and % defined in (3.1) one can 
write 



00 gin n „ 

Z F = J2—(U / d2x iX(xj) C(xj) xOi))o (3.7) 

n=0 U - 7=1 J 
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where, for later convenience we have defined 



(3.8) 



and 




(3.9) 



with 



/ C + = (C + d) e 2 ^ 

\ C_ = (Cq-Cx) e~ 2 ^ ld UJ 

By carefully analyzing each term in the series we found a selection 
rule quite similar to the one obtained in the path-integral treatment of (1+1) 
massive fermions with local || and non-local interactions Indeed, due to 
the fact that in (p.7|) ( }q means v.e.v. with respect to free massless fermions, 
the v.e.v. 's corresponding to j = 2k + 1 are zero. Thus, we obtain 

00 (g'cp) 2k f k 

Zf = EwwfjR dXi dVi 

k 

x IliCoixJ + C^XiMCoiyd-C^yi)) 
i=i 

k 

x exp{2^^($(x i ) -$(?/,))} 
i=i 

I ~. _ „. I \\i 

(3.11) 

- ir 

where cp is a normal ordering parameter. 

In order to obtain a bosonic description of the present problem we shall 
now propose the following bosonic Lagrangian density: 



itUm 2 


Xi 


Xj 




Vi-Vj I) 2 




X{ 


yj I) 2 



C B = \(d, V f + ^(rn + e^ + m.e^) (3.12) 
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with (3, m + (x) and m„(x) to be determined. The quantity «o is just a con- 
stant that we include to facilitate comparison of our procedure with previous 

H . Please notice that for m A 



works on local bosonization 



1 this 



model coincides with the well known sine-Gordon model that can be used 
to describe a neutral Coulomb gas. In this context % is nothing but the 
corresponding fugacity |15[]. We shall now consider the partition function 



Z B = J Dip exp — J d 2 x C 



B 



(3.13) 



and perform a formal expansion taking the fugacity as perturbative param- 
eter. It is quite straightforward to extend the analysis of each term, already 
performed for m + = m_ = 1, to the present case in which these objects are 
neither equal nor necessarily constants. The result is 



nUM 2 




Xj 




Vi-Vi l) 2 ^ 2 




(cp 


X{ 





ao 1 rv r 1 1 

'b = E77^(^) 2 7(n^A,)(n^ + (^)^-(^)) 
i=i z p j i=i i=i 

(3.14) 

where we have defined a renormalized quantity a (remember that there are 
infrared and ultraviolet singularities involved in the correlation functions that 
contribute to every order). 

Comparing this result with equation (|3.11|) , we see that both series coin- 
cide if the following identities hold: 

/3 = ±2^ 

a = g' (3.15) 

and 



m + (x t ) = (CoO^ + dOr,)) e 2 ^ 
m-( Vi ) = (C (fc) - dfa)) e~ 2 ^ 



(3.16) 



This is our second non-trivial result. We have found a bosonic representation 
for the fermionic determinant ( |3.11| ). This is given by ( |3.13| ) together with 
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the identities ( |3.15| ) and ( |3.16| ). Let us emphasize that equations ( |3.15| ) are 
completely analogous to the bosonization formulae first obtained by Coleman 
[TIJ whereas equations ( |3.16| ) constitute a new result, specially connected to 
the present problem. 



4 Final result and next steps 

In this paper we have presented an extension of the recently proposed NLT, 
which can be used to describe a system of Id strongly correlated particles 
when not only forward but also backward and umklapp scattering is con- 
sidered. We were able to write the vacuum to vacuum functional of this 
model in terms of a non-trivial fermionic determinant (See eq.( |3.11| )). Our 
main achievement was to obtain a bosonic representation for this determi- 
nant (See equations ( |3.13| ),( |37L5|) and ( |3.16| )). Using this result in ( |3.6| ) we 



have expressed the partition function of this system in terms of five scalars: 
$, T), Co, C\ and <p. Based on our previous experience with the fs model M 
we know that the physical fields (the ones that describe the collective excita- 
tions of the system) are $ and rj. The others are just auxiliary variables that 
we have to integrate in order to analyze the physics of the normal modes. 
The integrals in Co and C±, being quadratic can be easily performed yielding: 

Z = N J £>$ Vt) Vip e - s eff[^vM 

with 

S eff[®,V,<p] = ~ [ d 2 xd 2 y(d^r) + e tl „d„®)(x)b( J:l) (x,y)(d fl r] + e^d 1/ ®)(y) 

' d 2 xd 2 y[f,(x) U iM) (x,y) f,(y)} (4.2) 



h9' 



\2 / j2_^2„ 

2 l 2vr' 



where 



fo(x) = cosh(2g§ + iV4:iT(p)(x) 

f x (x) = sinh(2^<l> + zv / 47r^)(a;) (4.3) 



9 



The analysis of the action S e ff[<&, r], tp] is beyond the scope of the present 
article. We are currently studying this problem by means of a saddle point 
computation. We hope to report our results in the close future. 
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